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Abstract 

o : 

A compactification of Fell is applied to locally compact non-Hausdorff groupoids 
and yields locally compact Hausdorff groupoids. In the etale case, this construc- 
tion provides a geometric picture for the left-regular representations introduced by 
Khoshkam and Skandalis. 
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J3 ■ 1 Introduction 

In pQ, Fell introduced a compactification of locally compact non-Hausdorff spaces. We 
apply this construction to groupoids with open range and source map and Hausdorff 
unit space and show that if one leaves out the point at infinity, one obtains locally 
compact Hausdorff groupoids. If the non-Hausdorff groupoid was etale, then also the 
Hausdorff groupoid is etale and provides a geometric picture for the construction of 
the left-regular representation of the non-Hausdorff groupoid given by Khoshkam and 
Skandalis in [2] . We also comment on related constructions of Tu [6 J . In the remainder 
of the introduction, we recall the constructions and results of pQ. 

, The Fell compactification Let X be a topological space. We call a subset K C X 

quasi- compact if it has the finite covering property, and compact if it is quasi-compact 
and Hausdorff^ We assume that X is locally compact in the sense that every point 
x G X has a compact neighbourhood. In that case, every neighbourhood of any point 
x £ X contains a compact neighbourhood of x, and X is locally compact in the sense 
of[lj. 

Let (x u ) u be a net in X. We denote by dust^x^ and lim^ x v the set of all cluster 
points and the set of all limit points of this net, respectively, and call it primitive if it 
satisfies the following equivalent conditions: 



X 



1. Every cluster point of the net is a limit point: clust^x^ = lim^x^. 

2. Each x £ X \ \\m. v x v has a neighbourhood that is eventually left by the net. 



In pQ, Fell calls compact what we call quasi-compact. 
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3. Every quasi-compact set that contains no limit point is eventually left by the net. 

The Fell compactification of X is the set SiX of all limit sets of primitive nets in 
X, equipped with the topology induced by the subbasis that consists of all sets of the 
form Uy = {A G SiX \ A n V + 0} and U Q = {A G SiX \ A n Q = 0}, where V C X is 
open and Q C X is quasi-compact. The space SiX is compact [I], and X embeds into 
SiX since each constant net is primitive. This embedding is not necessarily continuous 
but has dense image. For each net [x u ) u in X, the net ({x u }) u converges in SIX to 
some set A C X if and only if (x u ) u is primitive and A = \\m v x v in X pQ. If X is 
quasi-compact, then .ftX and we let S)X := SIX. Otherwise, G .ftX and .ftX is the 
one-point compactification of f)X := .ftX \ {0}. If X is Hausdorff, then SjX = X. 

The Fell compactification is functorial in the following sense. Let X, Y be locally 
compact spaces and let /: X — » F be continuous and proper in the sense that the 
preimage of every quasi-compact subset is quasi-compact again. Using condition 3 
above, one finds that the image of each primitive net in X is primitive in Y, so that 
the map Sif : SiX — > SiY, A i— ► /(.A), is well-defined. One easily checks that this map 
is continuous and that the restriction Sjf := &f\f,x '■ — > SjY is proper. 

Quasi-continuous functions Let X be as above and let Y be a locally compact 
Hausdorff space. A map /: X — » Y is (w-) quasi- continuous if for each primitive net 
in X (with non-empty limit set), the net (f(x u )) u converges in Y. Evidently, the 
restriction f\x of each continuous map /: S)X — > F is w-quasi-continuous. Conversely, 
the following lemma implies that for each w-quasi-continuous function / : X — > F, the 
extension /: 9)X — > F defined by /(lim^Xi,) = lim I/ /(x I/ ) for each primitive net {x u ) u 
in X is continuous. 

Lemma 1.1. Let Z be a topological space with a dense subset Zq. A map f : Z -^>Y is 
continuous if and only if f(z) = lim u f{z v ) for each limit point z G Z of each net {z v ) v 
in Zq. 

Proof. Let /: Z — > F be some map, let (z u ) u be a net in Z with limit point z G Z, 
and assume that (f(z u )) u does not converge to f(z). Replacing F by its one-point 
compactification F + and (z v ) p by a subnet, we may assume that (f(z u )) u converges 
to some y G F + . Choose disjoint neighbourhoods V y ,Vj^ of y and f(z). For each 
neighbourhood J7 of z, we find some v such that z v and, using the assumption on 
(z u ) v , a point zjy G £7 n Zq such that f(zu) G F y . Ordering the neighbourhoods of z by 
inclusion, we obtain a net {zu)u in Zo that converges to 2 and such that f{zjj) G" 
for all £7. This is a contradiction. □ 

Summarizing, we obtain a bijection between all w-quasi-continuous maps X — > F 
and all continuous maps ,f)X — > F, as already stated in [1] but without proof. 

2 Application to locally compact groupoids 

Let G be a locally compact groupoid such that the unit space G° is Hausdorff and the 
range and the source maps r, s : G — > G° are open [HE]. Recall that an action of G on 
a topological space X consists of continuous maps p: X — > G° and G s x p X — > X, 
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written (x,y) i— ► xy, such that p(x)x = x, p(jx) = r(7), and (7'7)z = 7' (7a;) for all 
x g X, 7 g G^), 7' g G r(7) . 

Proposition 2.1. Lei (p, /i) 6e an action of G on a locally compact space X, where p 
is w- quasi- continuous. Then (p, p) extends to an action (p,p) of G on f)X . 

Proof. By assumption, p extends to a continuous map p: SjX — > G°, and we only need 
to show that the formula (7, A) 7 A defines a continuous map p: G s Xpf)X — > fjX. 
Let (7, A) G G s Xpi5^", where A is the limit set of a primitive net [x v ) v in X. Denote 
by I the set of pairs (U, v) such that U is a neighbourhood of 7 and p{x v >) G s(f7) 
whenever 2/ > u, and equip I with an order such that (U, v) > (£/', z/) if and only if 
U C U' and 1/ > z/. For each (U, v) G /, choose ~{(u,v) € such that s(7([/ )I/ )) = p{xj). 
Then 7 = lim ([/)l/) 7^ and hence jA C lim (c/ ^) 7(1^)^- If ^ £ clust^ 7(rj, I /)^, 
then p(x') = lim„r(7( l7)I/ )) = r(j) and 7~V G clust^ l^ v )l{u,v)X v = clust,, x„ = A, 
whence x' G 7A Thus, the net (ciaj,v)Xv)(u,v) ls primitive and 7A G $)X. Therefore, the 
map p is well defined. The argument above shows that the subset G s x p X C G s x pfiX 
is dense. If ((71/, x v )) v is a net in G s x p X that converges to some (7, -A) G G s Xpf)X, 
then the net (zj,)^ is primitive and a similar argument as above shows that the net 
(ju x u)u is primitive and converges to 7 A By Lemma ll-H p is continuous. □ 

Theorem 2.2. The space SjG carries the structure of a locally compact Hausdorff 
groupoid such that the unit space (fiG) is the closure of G° in SjG and the range map 
r, the source map s, the multiplication m and the inversion i are given by 

t(A)=AA~\ s(A) = A~ 1 A, m((A,B)) = AB, i(A) = A' 1 for all A,Be S)G. 

The proof involves several lemmas: 

Lemma 2.3. Let ((x u ,y u )) u be a net in G s x r G such that (x v ) u and {y v ) u are primitive 
with limit sets A,B G SjG. Then the net {x u y u ) v is primitive with limit set AB. 

Proof. Clearly, clust^x^y^ C AA -1 clust;, x v y v C Aclust v x~ 1 x u y u = Adust^y^ = 
ABQlim u x u y u . □ 

Lemma 2.4. 1. A = AA~ X A and A = xA~ x A for each A G SjG and x G A. 

2. AB = xyB~ l B for all A,B G S)G, x G A,y G B satisfying A' 1 A = BB^ 1 . 

Proof. 1. If A = lim u x v for a primitive net (x u ) u in G, then AA _1 A = lim v x u x~ 1 x u = 
limj, x v = A by the lemma above, and if x, y G A, then y = xx~ x y G xA _1 A. 

2. By 1., AB = xA~ l AB = xBB^B = xyB~ x B. □ 

Lemma 2.5. The range and the source map of G are w- quasi- continuous. 

Proof. Let (x v ) v be a primitive net in G with non-empty limit set. By Lemma [2.31 the 
nets (r(x u )) u = (x u x^ 1 ) u and (s(x u )) u = [x^x^y are primitive in G and therefore 
also in G , and they have limit points in G° because r, s are continuous. □ 

The range map r: G — ► G° and the multiplication map m: G s x r G — ► G form an 
action on G. By Lemma [2.5l and Proposition ^. 11 it extends to an action (f,rh) on S)G. 



3 



Proof of Theorem \2.2\ By Lemma 12.31 and 11.11 the maps t, s, t are well denned and 
continuous. The map m is well defined because AB = xB = m(x,B) G S)G for all 
(^4, B) G fjG s x r .f)G and x G A. Equipped with these maps, f)G becomes a groupoid, as 
one can easily check using Lemma [2. 41 We show that the map m is continuous. Assume 
that ((A u , B u )) u is a net in f)G s x t $)G that converges to some point (A, B). Choose 
x G A and y G B. If U, V are neighbourhoods of x, y, then UjjMv are neighbourhoods 
of A, B and hence there exists some v such that A v G Uu, B v G Uy, that is, A u (lU ^ 0, 
B V C\ V ^ 0. Denote by I the set of all triples (U, V, v), where U, V are neighbourhoods 
of x, y and A v n 17 ^ 0, B v n V ^ 0. Order 7 such that (J7, V, i/) > ([/', V', v') if and 
only i£UQU',VC V, v > v' . Let (U, V,u) G I and choose x^ G A u PtU, y£ G B^nV. 
The nets (x„yY)(u,v,v) and {B~ l B v )(jjy v ^ converge to xy and B~ 1 B, respectively, and 
hence A V B V = m(x^ y^ , B~ x B y ) converges to rh(xy, B~ 1 B) = AB in $)G. □ 

We call an open subset KCGa G-set if r(V) C G° is open and r\y : V — > r(V) is 
a homeomorphism. Recall that G is etale if it is covered by its open G-sets. 

Proposition 2.6. If G is etale, then fjG is etale. 

Proof. Let V C G be an open Hausdorff G-set and let sy '■= s\v '■ V — > We show 

that s(Uy) = U s (y\ n (^G)° and construct a continuous map t: W s (y) PI (fjG)° — > Uy 
that is inverse to 5, and then the claim follows because sets of the form Uy cover SjG. 
First, s(Uy) C W s (y) n (^G)° because implies that n s(V) / for each 

A G #G. Clearly, s(B) G s(V) for each B G W s(v) . The map t: U s{y) n (£G)° -» £G 
given byB h = fh(s v 1 (s(B)), B) is continuous because the maps s v l , s, m 

are continuous, its image is contained in Uy because s v 1 (s(B)) G s v 1 (s(B))B for each 
B G Z4 ( v), and t(s(A)) = (AnV)A~ 1 A = A ands(t(£)) = B~ l B = B for each A G Wy, 

£ g W s(10 n (J5G)°. □ 

The groupoid S)G can be identified with the quotient of the transformation groupoid 
[4j associated to an adjoint action of G on (fjG)° as follows. 

Proposition 2.7. 1. There exists an action (t, Ad) of G on (f)G)° such that t(A) = 
f(A) = s(A) and AA{x,A) = xAx' 1 for all A G (f)G)°, x G G^ A y 

2. The map G x (SjG)° — > f)G given by (x, A) \— > xA is a continuous surjective 
groupoid homomorphism with kernel N = {(x,A) G G ix (fjG)° | x G ^4}. 

3. The induced map (Gx (SjG)°)/N — > f}G is an isomorphism of topological groupoids. 

Proof. 1. The only nontrivial assertion is continuity of the map Ad. Since s is open, 
G s x r G° is dense in G s x^(f)G) (see the proof of Proposition l2.1|) . and continuity follows 
from Lemma 11.11 and 12.31 

2. The map is a groupoid homomorphism because for each pair of composable 
elements (x, A), (x' , A')) G G x (f)G)°, we have s(xA) = A~ l x~ l xA = A, x{x' A') = 
x'A'A'~ 1 x'~ 1 = x'A'x'~ l , and xAx'A' = xx'A'. It is continuous because it is the 
restriction of m, and surjective because A = xA~ l A for each A G fjG and x G A. 

3. Denote by q the inverse of the induced map. We have to show that q is continuous 
and do so using Lemma ll.ll If (x u ) u is a primitive net in G with limit set A and x G A, 
then the net {q{x v )) v = {{x v , s(x u ))N) v clearly converges to q{A) = (x, A~ 1 A)N. □ 
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Proposition 2.8. Let (p, p) be an action of G on a locally compact space X, where p 
is quasi- continuous. Then (p, p) extends to an action (p, p) of S)G on S)X such that 
p(B) = p(B) and p(A, B) = AB for all A G S)G, B G SjX. 

Proof. For each primitive net (x u ) v in X, the net {p{x v )) v converges in G° and therefore 
is primitive in G and converges in SjG. Hence, p is w-quasi-continuous as a map to SjG 
and extends as claimed. Similar arguments as in the proof of Theorem 12.21 show that 
the map p is well defined and continuous. Clearly, (p, p) is an action. □ 

By functoriality of fj, the assignment G \— > S)G extends to a functor from the cate- 
gory of locally compact groupoids with open range and source maps and Hausdorff unit 
space together with proper and continuous groupoid homomorphisms into the category 
of locally compact Hausdorff groupoids with proper continuous homomorphisms. 

3 Relations to other constructions 

A construction of Tu Let X be a locally compact space. In [6], Jean-Louis Tu 
associated to X a Hausdorff space TiX as follows. As a set, TLX consists of all subsets 
A C X satisfying the following condition: for every family (V x ) x ^a of open sets such 
that x G V x for all x G A and V x = X except perhaps for finitely many x £ A, one has 
Die A Vx 0- This set is endowed with the topology generated by all subsets of the 
form n v = {A G HX \ A n V + 0} and Q Q = {A G HX | A n Q = 0}, where V C X is 
open and Q C X is quasi-compact. 

Proposition 3.1. fiX is a subspace of TIX. 

Proof. Let A G SjX and let (V X ) X £A be a family of open sets such that x G V x for 
all x G A and V x = X for all but finitely many V\, . . . , V n . Then Uy x fl • • • D Uy n is a 
neighbourhood of A and therefore contains a point x G X, that is, V\ fl • • • H V n ^ 0. 
The topology on f)X coincides with the subspace topology inherited from TLX by 
definition. □ 

Note that Proposition 12.11 is an analogue of [6, Proposition 3.10]. 

A spectral picture of the Fell compactification Let X be a locally compact 
space and denote by B(X) the C*-algebra of all bounded Borel functions on X. Given 
an open Hausdorff subset U C X and a function / G C C (U), we identify / with a 
function on X extending it outside of U by 0, and denote by supp / the support of / 
inside U. Denote by A C {X) C B(X) the smallest subalgebra containing C C (U) for each 
open Hausdorff subset U C X, and by Aq(X) its norm closure. 

Proposition 3.2. Restriction of functions defines a ^-isomorphism Co(SjX) — > Aq(X) 
that maps C C {9)X) to A C (X). 

Proof. Let U C X be open and Hausdorff and let / G C C {U). If (2^)^ is a primitive 
net in X with non-empty limit set, then either supp / contains a limit point of the net, 
x, say, or supp / is eventually left by the net. In the first case, f(x u ) converges to f(x) 
because / is continuous on U, and in the second case, f(x u ) is constant 0. Thus, / is 
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w-quasi-continuous on X. Consequently, each function in Aq(X) is w-quasi-continuous 
and extension of functions defines an embedding t: Ao(X) Co(SjX). If A, B G SjX 
and x G A\B, then there exists an open Hausdorff neighbourhood U of x that is disjoint 
to B, and for each / G G c (t/) we have = f{x) and (t(/))(B) = 0. Therefore, 

t(.A c (X)) separates the points of By the Stone- Weierstrass theorem, l is surjective, 
and it follows that C c (SjX) C i(.A c ). The last inclusion is an equality because for each 
/ G .A C (X), there exists a quasi-compact set Q C J such that f\x\Q = 0) an d is a 
neighbourhood of in &X such that t(/)|w<3nfiX = ^- ^ 

The left-regular representation of Khoshkam and Skandalis Let G be an 

etale, locally compact groupoid with open range map and Hausdorff unit space. In [2], 
Mahmood Khoshkam and Georges Skandalis define a left-regular representation of G 
using Hilbert G*-modules [3j and functional-analytic tools. The action rh: G s Xf$jG — > 
fjG provides the following geometric picture for their construction. 

Let G C (G) be the linear span of all subspaces C C (U), where U C G is open and 
Hausdorff. Then G C (G) is a *-algebra with respect to the operations 

(f*g)(x)= Y, f*(x)=Jix^), where xGG,/, 5 GG c (G). (1) 

Denote B(G°) the G*-algebra of bounded Borel functions. Let D C S(G°) be the G*- 
subalgebra generated by all restrictions f\ao, where / G G C (G), let Y be the spectrum 
of -D, and identify D with Cq(Y) in the canonical way. Then the algebraic tensor 
product G C (G) Cq(Y) is a pre-Hilbert G*-module over Go(Y) with respect to the 
inner product and right module structure given by 

(fQa\gQb) = a*-(f**g)\ G o-b, (/ o)6 = / ab, where /, g G G C (G), a, b G C Q (Y) 

Denote by L 2 {G) the separated completion. There exists a representation L G : C C (G) — > 
C(L 2 (G)) given by L G (f)(gQa) = f * g a for all /, g G G C (G), a G G (Y). Denote by 
G*(G) the completion of Lq(C c (G)). Proposition 13. 21 applied to G immediately implies: 

Lemma 3.3. The map f \—> f\ G o is a *-isomorphism Co((SjG)°) — ► Go(Y) C S(G Q ). 
In particular, Y is homeomorphic to (S)G)° . □ 

The space C C (S)G) carries the structure of a *-algebra, where the operations are de- 
fined similarly as in ([1]), and the structure of a pre-Hilbert C*-module over Co(($jG) ), 
where </|g) = (/* *^)| (<G) o and (fh){A) = f(A)h(s(A)) for all f,g G C c (j5G),fc £ 
G ((f)G) ), A G £G. Denote the completion of this pre-Hilbert G*-module by L 2 (f)G). 
Then there exists a representation L^q: G c (fjG) — > C{L 2 {S)G)) such that L^ G {f)g = 
f * g for all f,g G G C (G), and the closure C*(SjG) = L flG (C c (G)) is the reduced G*- 
algebra of S)G 0J [5]. Identify G (Y) with G ((£G)°) as in Lemma EES and G C (G) 
with a subspace of .A C (G) = C c (SjG), see Proposition 13.21 Denote by r* : Go((f)G)°) — > 
£(L 2 (£G)) the representation given by ((x*h)f){A) = h{x{A))f{A) for all h G G ((£G) ), 
/ G G c (fjG), A G f)G, and by s* the pull-back of functions from G° to G via s. 

Lemma 3.4. A C (G) = C c {G)s*(C (Y)). 
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Proof. Let U, V C G be open Hausdorff G-sets and let / G G C (C7), g G G C (U). Choose 
/i G C C (C7) such that /i| aU p P / = 1. Then /i* * g,h * g G G C (G), 

(h* * g)(s(x)) = g(x) for all x G supp/, f{x)g{x) = f(x)(h* * g)(s(:r)) for all x G G, 
g(s(x)) = (h * g)(x) for all x G supp/, f(x)g(s(x)) = f(x)(h * g)(x) for all x G G, 

and hence /<? = fs*((h* * g)|(jo ) and /s*(5|go) = f(h * 5). Using a partition of 
unity argument and the fact that G is etale, we can conclude that C C (G)C C (G) = 
C c (G)s*(C (Y)). By induction, we find that G c (G) n = C c {G) n ' 1 s* (C (Y)) = ■■■ = 
C c (G)s*(C (Y)) for each n G N and therefore A C (G) = C c (G)s*(C (Y)). □ 

Proposition 3.5. 1. There exists an isomorphism <!>: L 2 (G) — > L 2 (S)G) of Hilbert 
C*-modules such that $(/0a) = /s*(a) /or a// / G G C (G) C G C (^G), a G C (F). 

2. The C* -algebra generated by Ad»(C*(G)) and r*(G ((^G) )) is C*(SjG). 

Proof. Both assertions follow from Lemma 13.41 and the straightforward relations 

(fs*(a)\gs*(b)) L 2 {SiG) = (f a\g b) L 2 {G) for all f,g G C c (G),a,6e G (F) 5 
Ad*(L G (/))r*(/i) = L m (fs*(h)) for all / G C c (G),h G G (r). □ 
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